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ABSOLUTE CONTINUITY AND LARGE-SCALE GEOMETRY OF
POLISH GROUPS
JAKE HERNDON
Abstract. We apply the theory of large-scale geometry of Polish groups to
groups of absolutely continuous homeomorphisms. Let M be either the com-
pact interval or circle. We prove that the Polish group AC+(M) of orientation-
preserving homeomorphisms f : M → M such that f and f−1 are absolutely
continuous has a trivial quasi-isometry type. We also prove that the Polish
group ACloc
Z
(R) of homeomorphisms f : R → R such that f commutes with
integer translations and both f and f−1 are locally absolutely continuous is
quasi-isometric to the group of integers. To study AC+
(
S1
)
and ACloc
Z
(R) we
use the observation that these groups are Zappa-Sze´p products.
1. Introduction
Throughout this paper I, S1,R, and Z denote the compact interval, the circle,
the real line, and the integers, respectively. For M = I and M = S1 we let
AC+(M) denote the group of orientation-preserving homeomorphisms f :M →M
such that both f and f−1 are absolutely continuous, and we let ACloc
Z
(R) denote
the group of homeomorphisms f : R → R such that f commutes with integer
translations and both f and f−1 are locally absolutely continuous. A Polish group
is, as usual, a topological group whose underlying topology is Polish, i.e. separable
and completely metrizable, and the underlying topology is called a Polish group
topology. In [6] Solecki defines a Polish group topology on AC+(I), and here we
define a Polish group topology on AC+
(
S
1
)
and another Polish group topology on
ACloc
Z
(R). Henceforth we also use AC+(I),AC+
(
S
1
)
, and ACloc
Z
(R) to denote these
Polish groups.
The goal of this paper is to study AC+(I),AC+
(
S
1
)
, and AClocZ (R) from the
perspective of large-scale geometry. There is a general theory of large-scale geome-
try of Polish groups which is due to Rosendal and detailed in [4]. The main results
of this paper are summarized by the following theorem.
Theorem 1. Each of the Polish groups AC+(I),AC+
(
S
1
)
, and ACloc
Z
(R) has a
well-defined quasi-isometry type. For both AC+(I) and AC+
(
S
1
)
the quasi-isometry
type is trivial and for ACloc
Z
(R) the quasi-isometry type is that of Z.
The theory of large-scale geometry of Polish groups generalizes the classical
theory of large-scale geometry of finitely generated groups by viewing every finitely
generated group as a discrete topological group, and therefore, it is helpful to first
review the situation for finitely generated groups before making Theorem 1 precise.
Recall, for a group G generated by a subset S there is the associated left-invariant
word metric ρS defined by
ρS(x, y) = min
{
k ≥ 0|x−1y ∈
(
S ∪ S−1
)k}
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for all x, y ∈ G. If G is finitely generated then the word metrics obtained from finite
generating sets are all mutually quasi-isometric, and so we say the quasi-isometry
type of G is the quasi-isometry equivalence class of the metric space (G, ρS) for any
finite generating set S. A running theme in the subject of geometric group theory
is the relation of algebraic properties of a finitely generated group with large-scale
metric properties of its quasi-isometry type.
A crucial part of the general theory for Polish groups is to identity a collection
of distinguished generating sets that, when present, give mutually quasi-isometric
word metrics. Following [4], a subset S of a Polish group G is coarsely bounded in
G if S is bounded in every metric on G which is topologically compatible and left-
invariant. For a Polish group G which is generated by a coarsely bounded subset
the quasi-isometry type of G is the quasi-isometry equivalence class of the metric
space (G, ρS) for any coarsely bounded and closed generating set S. Indeed, by the
Baire Category Theorem, any word metrics obtained from generating sets which
are coarsely bounded and closed are mutually quasi-isometric. We note that the
collection of all coarsely bounded subsets of a Polish group is closed under taking
topological closures, and so any Polish group which is generated by a coarsely
bounded subset is also generated by one which is closed. We also note that the
property of a subset being coarsely bounded is not a homeomorphism invariant as
the definition quantifies over metrics on the ambient group. However, if it does not
create ambiguity we omit reference to the ambient group. A Polish group which is
a coarsely bounded subset of itself is a coarsely bounded group. For Polish groups
G and H , a function G → H is a quasi-isometry of Polish groups if G and H
are generated by subsets which are coarsely bounded and (G, dG) → (H, dH) is a
quasi-isometry whenever dG and dH represent the quasi-isometry types of G and H ,
respectively. In this case G and H are quasi-isometric Polish groups. The coarsely
bounded Polish groups are those which are quasi-isometric to the trivial group.
In the context of the above general theory we prove Theorem 1 by showing
AC+(I) and AC+
(
S
1
)
are coarsely bounded groups and by showing the identifica-
tion of Z with the subgroup of AClocZ (R) consisting of integer translations defines a
quasi-isometry of Polish groups Z → ACloc
Z
(R). Our exposition repeatedly makes
use of the observation that for both the case of G = AC+
(
S
1
)
and G = AClocZ (R)
the group G is a Zappa-Sze´p product of subgroups H and K with K isomorphic
to AC+(I). For this reason Section 4 is a standalone section which contains in-
formation relevant to Zappa-Sze´p products. In Section 2 we recall the definition
of absolute continuity and its local counterpart and we give a compatible, right-
invariant metric on each of the Polish groups AC+(I), AC+
(
S
1
)
, and ACloc
Z
(R).
In Section 3 we prove Solecki’s topology on AC+(I) makes it a coarsely bounded
group, and in Section 5 we verify that the topologies defined on AC+
(
S
1
)
and
AClocZ (R) are, in fact, Polish group topologies and then we complete the proof of
Theorem 1.
Let us mention some other groups of homeomorphisms where the large-scale per-
spective is relevant. For a compact manifoldM the group Homeo(M) of homeomor-
phisms ofM is a Polish group with the compact-open topology. LetM be a compact
manifold and let Homeo0(M) denote the identity component in Homeo(M). In [4]
Mann and Rosendal study the large-scale geometry of Homeo0(M). The main re-
sults there include proving Homeo0(M) is generated by a coarsely bounded subset
and so has a well-defined quasi-isometry type. They show ifM is the n–sphere then
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Homeo0(M) is a coarsely bounded group and if dim(M) > 1 and π1(M) is infinite
then the quasi-isometry type of Homeo0(M) is non-trivial. Let k > 0 be an integer
or possibly ∞ and let M = I or M = S1. The group Diffk+(M) of orientation-
preserving Ck–diffeomorphisms of M is a Polish group with its Ck–topology. In [1]
Cohen proves Diffk+(M) is generated by a coarsely bounded subset if and only if
k <∞, and in this case the quasi-isometry type of Diffk+(M) is non-trivial.
2. Preliminaries
We identify I with the unit interval [0, 1] and S1 with the group of complex
numbers with unit norm, and we let π : R → S1 be the covering map x 7→ e2πix.
We use dS1 to denote the metric on S
1 which is defined by taking the minimum
distance between π−1(x) and π−1(y) in R for all x, y ∈ S1
A homeomorphism f : R→ R commutes with integer translations if
f(x+ n) = f(x) + n
for all x ∈ R and all n ∈ Z. The group of all homeomorphisms of R that com-
mute with integer translations is denoted HomeoZ(R). For G = Homeo+(I),
G = Homeo+
(
S
1
)
, and G = HomeoZ(R) we use d∞ to denote a right-invariant
metric on G which induces the compact-open topology. Hence G is a Polish group
with the topology induced by d∞. For concreteness we set
d∞(f, g) = sup
x∈I
|f(x)− g(x)|
for all f, g ∈ Homeo+(I) and for all f, g ∈ HomeoZ(R), and we set
d∞(f, g) = sup
x∈S1
dS1(f(x), g(x))
for all f, g ∈ Homeo+
(
S
1
)
.
A function f : J → R whose domain is an interval is absolutely continuous if for
every ǫ > 0 there is a δ > 0 such that for every finite sequence (a1, b1), . . . , (an, bn)
of disjoint subintervals of J , if
∑n
i=1(bi − ai) < δ then
∑n
i=1 |f(bi)− f(ai)| < ǫ. A
function f : J → R whose domain as an interval is locally absolutely continuous if
the restriction of f to every compact subinterval of J is absolutely continuous. For
every homeomorphism f : S1 → S1 there is a unique homeomorphism f˜ : R → R
with f˜(0) ∈ [0, 1) and π ◦ f˜ = f ◦ π. A homeomorphism f : S1 → S1 is absolutely
continuous if f˜ is locally absolutely continuous.
Suppose J is a compact interval and f : J → R is continuous and nondecreas-
ing. The Fundamental Theorem of Lebesgue Integration states that f is absolutely
continuous if and only if f has a derivative f ′ almost everywhere on J with respect
to Lebesgue measure, f ′ ∈ L1(J), and for all x ∈ J
f(x) = f(a) +
∫ x
a
f ′(t) dt.
See, for instance, [5, Theorem 7.18].
We set
d∗(f, g) =
∫ 1
0
|f ′(t)− g′(t)| dt
for all f, g ∈ AC+(I). In the proof of [6, Lemma 2.4] Solecki shows d∗ defines a
right-invariant metric on AC+(I) which induces a Polish group topology.
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Lemma 2. On AC+(I) the metrics d∞ and d∗ satisfy d∞ ≤ d∗. Consequently,
inclusion AC+(I)→ Homeo+(I) is continuous.
Proof. Let f, g ∈ AC+(I) and let x ∈ I. Then
f(x)− g(x) =
∫ x
0
f ′(t)− g′(t) dt ≤
∫ x
0
|f ′(t)− g′(t)| dt ≤ d∗(f, g)
and likewise g(x) − f(x) ≤ d∗(f, g). So d∞ ≤ d∗ on AC+(I). This says inclusion
(AC+(I), d∗)→ (Homeo+(I), d∞) is a contraction mapping and so it is continuous.

We set
d∗(f, g) =
∫ 1
0
|f ′(t)− g′(t)| dt
for all f, g ∈ ACloc
Z
(I). In other words, on ACloc
Z
(R) the quantity d∗ is given by
the same formula which defines the metric d∗ on AC+(I). It is straightforward to
check that d∗ defines a pseudometric on AC
loc
Z
(R). For f, g ∈ ACloc
Z
(R) we have
d∗(f, g) = 0 if and only if f−g is a constant function, so d∗ does not define a metric
on ACloc
Z
(R).
For each r ∈ R we let τr : R→ R be translation x 7→ x+ r.
Proposition 3. On ACloc
Z
(R) the pseudometric d∗ is right-invariant and satisfies
d∗(τr ◦ f, τs ◦ g) = d∗(f, g)
for all r, s ∈ R and all f, g ∈ ACloc
Z
(R).
Proof. For each f ∈ AClocZ (R) we have
f ′ = (τ1 ◦ f)
′ = (f ◦ τ1)
′ = f ′ ◦ τ1
so f ′ is periodic with period 1. From this it follows that the integrand |f ′(t)−g′(t)|
that appears in the definition of d∗ is periodic in t with period 1 and so
d∗(f, g) =
∫ b
a
|f ′(t)− g′(t)| dt
for all f, g ∈ ACloc
Z
(R) and all a, b ∈ R with b−a = 1. Now for any f, g, u ∈ ACloc
Z
(R)
d∗(f ◦ u, g ◦ u) =
∫ 1
0
|(f ◦ u)′(t)− (g ◦ u)′(t)| dt
=
∫ u(1)
u(0)
|f ′(t)− g′(t)| dt
= d∗(f, g)
by integration by substitution and because u(1) − u(0) = 1, and so d∗ is right-
invariant. For all r ∈ R and f ∈ AClocZ (R) we have (τr ◦ f)
′ = f ′ which implies the
equality in the proposition. 
We seek a right-invariant metric on ACloc
Z
(R) which induces a Polish group
topology and there is an obvious candidate for such a metric. The sum of a right-
invariant metric and right-invariant pseudometric is always a right-invariant metric,
so d∞ + d∗ defines a right-invariant metric on AC
loc
Z
(R). We also set
d∗(f, g) =
∫ 1
0
∣∣∣f˜ ′(t)− g˜′(t)∣∣∣ dt
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for all f, g ∈ AC+
(
S
1
)
. Following similar reasoning, d∗ defines a right-invariant
pseudometric and d∞ + d∗ defines a right-invariant metric on AC+
(
S
1
)
.
We prove for both G = AC+
(
S
1
)
and G = AClocZ (R) the metric d∞ + d∗ is
compatible with a Polish group topology on G. See Propositions 19 and 20. We
note here that Lemma 2 implies the metrics d∗ and d∞ + d∗ induce the same
topology on AC+(I).
3. AC+(I) is a Coarsely Bounded Group
To prove that AC+(I) is a coarsely bounded group we find a suitably uniform
deformation retract of AC+(I) onto its trivial subgroup. Lemma 4 serves to isolate
the uniformity condition.
Lemma 4. Suppose G is a Polish group and F : G × I → G is a deformation
retract of G onto its trivial subgroup. Also suppose for every identity neighborhood
U ⊂ G there exists ǫ > 0 such that for all g ∈ G and all r, s ∈ I, if |r − s| ≤ ǫ then
F(g, r)F(g, s)−1 ∈ U . Then G is a coarsely bounded group.
Proof. Let U ⊂ G be an identity neighborhood, let ǫ > 0 be given by the condition
in the lemma, and let n > 0 be a positive integer with n ≥ ǫ−1. For every g ∈ G
we have
g = F(g, 0)F(g, 1)−1 =
n∏
i=1
[
F
(
g,
i− 1
n
)
F
(
g,
i
n
)−1]
∈ Un
so G ⊂ Un, and so the condition implies the following: For every identity neigh-
borhood U there is an integer n > 0 such that G = Un.
Let d be a compatible, left-invariant metric on G. We must show G is bounded
in d. So let B denote the open unit d–ball centered at the identity in G. By the
condition at the end of the previous paragraph there is an integer n > 0 such that
G = Bn. By left invariance and the triangle inequality this implies the d–diameter
of G is no greater than n. 
Proposition 5. AC+(I) is a coarsely bounded group.
Proof. For every f ∈ AC+(I) and r ∈ I let F(f, r) be the element of AC+(I)
defined by
F(f, r)(x) = (1− r)f(x) + rx
for all x ∈ I. Every f ∈ AC+(I) is increasing so f
′ ≥ 0. It follows
d∗ (F(f, r),F(f, s)) = |r − s|
∫ 1
0
|f ′(t)− 1| dt
≤ |r − s|
(∫ 1
0
|f ′(t)| dt+
∫ 1
0
1 dt
)
= |r − s|
(∫ 1
0
f ′(t) dt+ 1
)
= |r − s| 2
for all f ∈ AC+(I) and r, s ∈ I.
Now apply Lemma 4 with G = AC+(I). It is true that F is a deformation retract
of G onto its trivial subgroup but we omit verifying this. Note that the proof of
Lemma 4 does not involve continuity of F and so it is enough to check that the
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uniformity condition on F is satisfied. Let U be any identity neighborhood in G,
let B be the open ball of radius δ about the identity in G with δ chosen sufficiently
small so that B ⊂ U , and take ǫ = δ/2. From the above inequality it follows that for
any r, s ∈ I, if |r − s| ≤ ǫ then d∗(F(f, r),F(f, s)) ≤ δ, and so by right invariance
of d∗ we have F(f, r)F(f, s)
−1 ∈ U . So Lemma 4 applies and AC+(I) is a coarsely
bounded group. 
1
1
Figure 1. The deformation retract F of AC+(I) onto its trivial
subgroup that appears in the proof of Proposition 5 deforms the
graph of a homeomorphism towards the diagonal. The graphs of
f : I → I, x 7→ x12 and the identity I → I are shown in black and
the graphs of F(f, r) for r = 1/4, 1/2, and 3/4 are shown in gray.
A Polish group G is Roelcke precompact if for every identity neighborhood U ⊂ G
there is a finite set F ⊂ G so that G = UFU . As noted in [3] the Polish group
Homeo+(I) is Roelcke precompact.
Question 6. Is AC+(I) Roelcke precompact?
4. Topology and Geometry of the Zappa-Sze´p Product
A group G is a Zappa-Sze´p product of subgroups H and K if H ∩K = {1} and
G = HK [7, 8] or equivalently, if the group operation G × G → G restricts to a
bijection H ×K → G. Every semidirect product is a Zappa-Sze´p product, and as
with the semidirect product there is both an internal and external definition for the
Zappa-Sze´p product. Suppose H and K are any groups and α : K ×H → H and
β : K ×H → K are functions. On H ×K define a binary operation by
(h1, k1)(h2, k2) = (h1α(k1, h2), β(k1, h2)k2)
for all h1, h2 ∈ H and all k1, k2 ∈ K. If (and only if) this operation makes H ×K
a group and also makes the injections
H → H ×K,h 7→ (h, 1K)
and
K → H ×K, k 7→ (1H , k)
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group homomorphisms, then the external Zappa-Sze´p product of H and K with
respect to α and β is H ×K equipped with this operation. The identity element
in the external product is (1H , 1K) and the inverse of (h, k) is
(α(k−1, h−1), β(k−1, h−1))
for all h ∈ H and all k ∈ K. Of course, the external product of H and K is an
internal product of the subgroups H × {1K} and {1H} ×K.
Given an internal Zappa-Sze´p product G of subgroups H and K there are func-
tions α : K ×H → H and β : K ×H → K which are uniquely determined by the
equation
kh = α(k, h)β(k, h)
for all h ∈ H and k ∈ K. The binary operation defined above on H ×K makes it
the external Zappa-Sze´p product with respect to α and β and makes the bijection
H × K → G, (h, k) 7→ hk a group isomorphism. It follows that there is a nat-
ural correspondence between internal and external Zappa-Sze´p products which is
analogous to the correspondence which holds for semidirect products.
For a group G with subgroups H and K the subset HK of G is a subgroup if
and only if HK = KH , so in the definition of the Zappa-Sze´p product the two
factor subgroups play a symmetric role. We set aside some notation that will help
us study our main examples in which the two factor subgroups play very different
roles.
For any set X we let Bij(X) denote the group of all bijections of X with com-
position as the group operation. For any S, T ⊂ Bij(X) and Y ⊂ X we let
S ◦ T = {f ◦ g|f ∈ S, g ∈ T }
and
S(Y ) = {f(x)|f ∈ S, x ∈ Y }.
So if X = H is a group then Bij(H) denotes the group of all bijections of the
underlying set H . Similarly if H is a topological group then Homeo(H) denotes
the group of all homeomorphisms of the underlying space H . For a group H and
an element h ∈ H we let λh : H → H be left translation h 7→ hx, and we let
ΛH = {λh|h ∈ H}
denote the subgroup of Bij(H) consisting of left translations.
Notation 7. Suppose H is a group and G ≤ Bij(H) is a subgroup such that
ΛH ≤ G. We let
KG = {k ∈ G|k (1H) = 1H}
denote the isotropy subgroup of 1H in G. We let
Ω : H ×KG → G
be the function (h, k) 7→ λh ◦ k.
The assumption ΛH ≤ G in Notation 7 ensures that G is a Zappa-Sze´p product
of ΛH and KG. It is clear that ΛH ∩ KG is the trivial subgroup of G. To see
G = ΛH ◦KG note that any g ∈ G may be decomposed
g = λg(1H) ◦
(
λ−1
g(1H )
◦ g
)
and the composition in parentheses is an element of KG. Similarly the assumption
ΛH ≤ G ensures that Ω is a bijection.
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In Section 5 we take G = AC+
(
S
1
)
(with H = S1) and G = ACloc
Z
(R) (with
H = R). In both of these cases the isotropy subgroup KG is isomorphic to AC+(I),
and as there is already a known Polish group topology on AC+(I) the bijection Ω
suggests one should consider the product topologyH×AC+(I) onG. Before moving
on to these examples we take a few moments to record a number of observations
about the topology and geometry of the Zappa-Sze´p product.
Suppose G is a topological group which is a Zappa-Sze´p product of subgroups
H and K, then the group operation restricts to a continuous bijection H ×K → G
on the product space H ×K. The following is [4, Theorem A.3].
Theorem 8 (Rosendal). Suppose G is a Polish group which is a Zappa-Sze´p product
of closed subgroups H and K. Then the group operation is a homeomorphism
H ×K → G.
Corollary 9. Suppose G is a Polish group which is a Zappa-Sze´p product of closed
subgroups H and K. Then S T = ST for any subsets S ⊂ H and T ⊂ K.
Proof. Let S ⊂ H and T ⊂ K. Continuity of the group operation H × K → G
implies S T ⊂ ST , and by Theorem 8 S T is a closed subset of G which contains
ST , so ST ⊂ S T . 
Corollary 10. Suppose H is a Polish group and G ≤ Homeo(H) is a subgroup
such that ΛH ≤ G. Let Ω : H×KG → G be the bijection from Notation 7. Suppose
G is equipped with a Polish group topology such that H → ΛH , h 7→ λh is a homeo-
morphism onto the subspace ΛH and KG is closed. Then Ω is a homeomorphism.
Proof. Let Φ : H ×KG → ΛH ×KG be (h, k) 7→ (λh, k) and let Ψ : ΛH ×KG → G
be composition of functions.
By assumption H → ΛH , h 7→ λh is a homeomorphism and so Φ is a homeomor-
phism as well. By virtue of being Polish it follows that ΛH is a closed subgroup of G
and so applying Theorem 8 we get that Ψ is also a homeomorphism. As Ω = Ψ ◦Φ
this implies Ω is a homeomorphism. 
Without the topological assumptions in Corollary 10 it is possible to have a
subgroup G ≤ Homeo+(H) and a Polish group topology on G for which Ω is not
a homeomorphism. If H is a group that supports multiple Polish group topologies
then considering one topology on H and another topology on G = ΛH yields such
a counterexample.
Proposition 11. Suppose H is a topological group and G ≤ Homeo(H) is a sub-
group such that ΛH ≤ G. Let Ω : H ×KG → G be the bijection from Notation 7.
Also suppose there is a topology on KG which makes it a topological group. Then
there is a unique topology on G which makes Ω a homeomorphism. This topology
makes G a topological group if and only if evaluation
KG ×H → H, (k, h) 7→ k(h)
and the function
KG ×H → KG, (k, h) 7→ λ
−1
k(h) ◦ k ◦ λh
are continuous. If dH and dK are compatible metrics on H and KG, respectively,
then d defined
d(f, g) = dH (f (1H) , g (1H)) + dK
(
λ−1
f(1H )
◦ f, λ−1
g(1H)
◦ g
)
is a compatible metric on G.
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Proof. The unique topology on G which makes Ω a homeomorphism is clearly the
one obtained by declaring U ⊂ G open if and only if Ω−1(U) ⊂ H ×KG is open.
For all h ∈ H and all k ∈ KG let φ(k, h) = k(h) and let ψ(k, h) = λ
−1
k(h) ◦ k ◦ λh.
Let ⊗ be the binary operation on H ×KG defined by
(h1, k1)⊗ (h2, k2) = (h1φ(k1, h2), ψ(k1, h2) ◦ k2)
for all h1, h2 ∈ H and all k1, k2 ∈ KG. Then
Ω(h1, k1) ◦ Ω(h2, k2) = λh1 ◦ k1 ◦ λh2 ◦ k2
= λh1k1(h2) ◦
(
λ−1
k1(h2)
◦ k1 ◦ λh2 ◦ k2
)
= Ω(h1φ(k1, h2), ψ(k1, h2) ◦ k2)
= Ω ((h1, k1)⊗ (h2, k2))
for all h1, h2 ∈ H and all k1, k2 ∈ KG. This says Ω : (H ×KG,⊗) → (G, ◦) is an
operation-preserving bijection and thus a group isomorphism. Indeed, (H×KG,⊗)
is the external Zappa-Sze´p product of H and KG with respect to φ and ψ.
The proposition states the equivalence between (1) and (3) among the following
three equivalent conditions.
(1) G is a topological group with the product topology from Ω.
(2) (H ×KG,⊗) is a topological group with the product topology.
(3) The functions φ and ψ are continuous.
The equivalence between (1) and (2) is immediate because Ω is a group isomor-
phism and a homeomorphism.
Suppose for a moment that H and K are some arbitrary topological groups
and G = H × K is an external Zappa-Sze´p product with respect to functions
α : K × H → H and β : K × H → K. The claim is that the product topology
H × K makes G a topological group if and only if α and β are continuous. For
one direction, if α and β are continuous then the group operation and inversion
in G have continuous coordinate functions and so are continuous themselves. For
the reverse direction, if the group operation in G is continuous with respect to the
product topology H ×K then
(k, h) 7→ (1H , k)(h, 1K) = (α(k, h), β(k, h))
defines a continuous function K × H → H × K and so α and β are continuous.
Now returning to the setting of the current proposition, (H×KG,⊗) is the external
Zappa-Sze´p product with respect to φ and ψ so (2) and (3) are equivalent.
If dH and dK are compatible metrics on H and KG, respectively, then D defined
D((h1, k1), (h2, k2)) = dH(h1, h2) + dK(k1, k2)
for all h1, h2 ∈ H and all k1, k2 ∈ KG is a metric on H ×K which is compatible
with the product topology. With d as in the proposition we have
D((h1, k1), (h2, k2)) = d(Ω(h1, k1),Ω(h2, k2))
so d is a metric on G and Ω : (H × KG, D) → (G, d) is an isometry. Hence d is
compatible with the topology on G. 
The product of two Polish spaces is a Polish space, and so in our applications
of Proposition 11 once we know G is a topological group it becomes obvious it is a
Polish group.
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We now turn our attention to the large-scale geometry of the Zappa-Sze´p prod-
uct. Recall that a subset of a group is symmetric if it is closed under inversion.
Proposition 12. Suppose G is a Zappa-Sze´p product of subgroups H and K. Also
suppose H is generated by a symmetric subset S ⊂ H and K is generated by a
symmetric subset T ⊂ K with 1 ∈ S ∩ T and ST = TS. Then the word metric ρST
is defined on G and
ρST (hk, 1) = max{ρS(h, 1), ρT (k, 1)}
for all h ∈ H and k ∈ K. Consequently, the inclusions of the two factor subgroups
(H, ρS)→ (G, ρST ) and (K, ρT )→ (G, ρST ) are isometric embeddings.
Proof. For any integer n ≥ 0 we have SnT n = (ST )n by repeatedly applying the
assumption ST = TS.
Let h ∈ H and k ∈ K and set M = max{ρS(h, 1), ρT (k, 1)}. Because 1 ∈ S ∩ T
we have hk ∈ SMTM = (ST )M so ρST is defined on G and ρST (hk, 1) ≤ M . If
n ≥ 0 is an integer with ρST (hk, 1) ≤ n then hk ∈ (ST )
n = SnT n so there exists
s1, . . . , sn ∈ S and t1, . . . , tn ∈ T with
hk = s1 · · · snt1 · · · tn
and becuase the group opertion H ×K → G is injective this implies h = s1 · · · sn
and k = t1 · · · tn, so ρS(h, 1) ≤ n and ρT (k, 1) ≤ n. This holds for any n ≥ 0 so
ρST (hk, 1) ≥ ρS(h, 1) and ρST (hk, 1) ≥ ρT (k, 1), and hence ρST (hk, 1) ≥ M . This
proves the equality in the proposition.
Now
ρST (h
−1
1 h2, 1) = max{ρS(h
−1
1 h2, 1), ρT (1, 1)} = ρS(h
−1
1 h2, 1)
for all h1, h2 ∈ H . By left invariance it follows that inclusion (H, ρS)→ (G, ρST ) is
an isometric embedding. Similarly (K, ρT )→ (G, ρST ) is an isometric embedding.

Theorem 13. Suppose G is a Polish group which is a Zappa-Sze´p product of closed
subgroups H and K. Also suppose H is generated by a subset S ⊂ H which is
coarsely bounded in H, K is a coarsely bounded group when equipped with the sub-
space topology, and SK = KS. Then inclusion H → G is a quasi-isometry of
Polish groups.
Proof. Set S = S ∪ {1} ∪ S−1. As K = K−1 and SK = KS we have
S−1K = (KS)−1 = (SK)−1 = KS−1
and
SK = SK ∪K ∪ S−1K = KS ∪K ∪KS−1 = KS
so by Corollary 9
SK = SK = KS = KS
because S andK are closed. Now by Proposition 12 inclusion (H, ρ
S
)→ (G, ρ
SK
)
is an isometric embedding.
For every g ∈ G there is h ∈ H and k ∈ K with g = hk, and by left invariance
ρ
SK(g, h) = ρSK(k, 1) ≤ 1
so inclusion (H, ρ
S
) → (G, ρ
SK) is coarsely onto. Hence inclusion (H, ρS ) →
(G, ρ
SK) is a quasi-isometry of metric spaces.
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As S is a symmetric generating set for H which is closed and coarsely bounded
in H the quasi-isometry type of H is that of (H, ρ
S
). It remains to show that the
quasi-isometry type of G is that of (G, ρ
SK). We know SK = SK is a generating
set for G which is closed, so we must show SK is coarsely bounded in G. Let d
be a compatible, left-invariant metric on G. Then d restricts to a compatible, left-
invariant metric on both H and K. The subsets S and K are coarsely bounded
in H and K, respectively, so these subsets are bounded in d. By left invariance
and the triangle inequality it follows that SK is bounded in d, and thus SK is
coarsely bounded in G. So the quasi-isometry type of G is that of (G, ρ
SK) as
required to make inclusion H → G a quasi-isometry of Polish groups. 
Theorem 14. Suppose H is a Polish group and G ≤ Homeo(H) is a subgroup such
that ΛH ≤ G. Let KG ≤ G be the isotropy subgroup from Notation 7. Suppose G is
equipped with a Polish group topology which satisfies the assumptions of Corollary
10. Also suppose H is generated by a subset S ⊂ H which is coarsely bounded
in H, KG is a coarsely bounded group when equipped with the subspace topology,
KG(S) ⊂ S, and KG
(
S−1
)
⊂ S−1. Then H → G, h 7→ λh is a quasi-isometry of
Polish groups.
Proof. First note that for all h ∈ H and k ∈ KG
k ◦ λh = λk(h) ◦
(
λ−1
k(h) ◦ k ◦ λh
)
and
λh ◦ k =
(
λh ◦ k ◦ λk−1(h−1)
)
◦ λ−1
k−1(h−1)
and in both equations the composition in parentheses is an element of KG.
Set ΛS = {λs|s ∈ S}. By assumption k(s) ∈ S and k
−1(s−1) ∈ S−1 for every
s ∈ S and k ∈ KG, so the first equation above implies KG ◦ΛS ⊂ ΛS ◦KG and the
second equation implies ΛS ◦KG ⊂ KG ◦ ΛS , and thus ΛS ◦KG = KG ◦ ΛS .
By Theorem 13 with ΛS in place of S it follows that inclusion ΛH → G is a quasi-
isometry of Polish groups. As H → ΛH , h 7→ λh is an isomorphism of Polish groups
it is a quasi-isometry of Polish groups, and so Theorem 14 follows by composing
the quasi-isometry H → ΛH with the quasi-isometry ΛH → G. 
We make note of a few examples of Theorems 13 and 14. First, suppose G is a
Polish group which is a semidirect product of closed subgroups H and K with K
normal, so SK = KS for every subset S ⊂ G. If H is generated by a subset which
is coarsely bounded in H and K is a coarsely bounded group when equipped with
the subspace topology, then Theorem 13 says inclusion H → G is a quasi-isometry
of Polish groups. The Zappa-Sze´p products of Example 15 need not be semidirect
products.
Example 15. Let H be a Polish group which admits a complete, compatible, left-
invariant metric d whose closed unit ball generates H , and let G be the Polish
group obtained by equipping the isometry group Isom(H, d) with the topology of
pointwise convergence. In this case H → ΛH , h 7→ λh is a homeomorphism onto
the subspace ΛH and KG is closed, so the conditions of Corollary 10 are satisfied.
Take S to be the closed unit ball in (H, d). If S is coarsely bounded in H and
KG is a coarsely bounded group with the subspace topology, then Theorem 14 says
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H → G, h 7→ λh is a quasi-isometry of Polish groups. The condition relating S and
KG in the theorem is satisfied trivially: For every h ∈ H and k ∈ KG
d(k(h), 1H) = d(k(h), k (1H)) = d(h, 1H)
which implies KG(S) ⊂ S, and since S = S
−1 this also says KG(S
−1) ⊂ S−1.
If H is locally compact then the isotropy subgroup of Isom(H, d) is compact
and thus is a coarsely bounded group. So for instance Example 15 describes the
situation when H is a finitely generated group and d = ρS is the word metric with
respect to a finite generating set S.
For f ∈ HomeoZ(R) we let f |I denote the restriction of f to a homeomorphism
I → f(I) and for f ∈ Homeo+(I) we let fˆ denote the homeomorphism R → R
which is defined by
fˆ(x) = f(x− n) + n
for all n ∈ Z and all x ∈ [n, n + 1]. It is straightforward to check that k 7→ k|I
defines an isomorphism of topological groups from the isotropy subgroup of 0 in
HomeoZ(R) to Homeo+(I) with inverse isomorphism given by k 7→ kˆ. See Figure
2.
1
1
Figure 2. The isotropy subgroup of 0 in HomeoZ(R) is isomorphic
to Homeo+(I). The graph of f : I → I, x 7→ x
4 is shown in black
and the graph of fˆ : R→ R is shown in gray.
Example 16. We apply Theorem 14 with H = R, G = HomeoZ(R), and S =
[−1, 1]. It is straightforward to verify the topological assumptions of Corollary 10.
The subset S generates H and because it is compact it is also coarsely bounded.
By [2, Lemma 8] the Polish group Homeo∂ (B
n) of homeomorphisms of the compact
ball of dimension n which fix the boundary is a coarsely bounded group for any
integer n > 0. As noted above KG and Homeo+(I) are isomorphic groups and be-
cause Homeo+(I) and Homeo∂
(
B
1
)
are isomorphic it follows that KG is a coarsely
bounded group as well. For every s ∈ S and k ∈ KG the Intermediate Value Theo-
rem gives k(s) ∈ S so KG(S) ⊂ S, and S = S
−1 so this also says KG(S
−1) ⊂ S−1.
Applying Theorem 14 shows R→ HomeoZ(R), r 7→ τr is a quasi-isometry of Polish
groups.
5. AC+
(
S
1
)
and AClocZ (R)
In this final section we study the Zappa-Sze´p products AC+
(
S
1
)
and AClocZ (R).
In particular, we verify the claim from Section 2 that for G = AC+
(
S
1
)
and
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G = ACloc
Z
(R) the right-invariant metric d∞ + d∗ on G is compatible with a Polish
group topology. Then we use Theorem 14 to describe the quasi-isometry types of
these Polish groups.
We set
K∗ =
{
k ∈ ACloc
Z
(R)|k(0) = 0
}
and note that k 7→ k|I defines an isomorphism of groups K∗ → AC+(I) which
preserves d∗. As d∗ is a right-invariant metric on AC+(I) which induces a Polish
group topology it follows that d∗ is also a right-invariant metric onK∗ which induces
a Polish group topology, and the Polish groups K∗ and AC+(I) are isomorphic.
Lemma 17. Evaluation
K∗ × R→ R, (k, r) 7→ k(r)
is continuous.
Proof. Let
K∞ = {k ∈ HomeoZ(R)|k(0) = 0} ,
let
Φ : K∗ ×H → K∞ ×H
be inclusion, and let
Ψ : K∞ ×H → H
be evaluation. By Lemma 2 inclusion AC+(I)→ Homeo+(I) is continuous so also
Φ is continuous, and by Proposition 11 (with H = R and G = HomeoZ(R)) Ψ
is continuous. Evaluation K∗ × H → H is the composition Ψ ◦ Φ, and so it is
continuous. 
Lemma 18. The function
K∗ × R→ K∗, (k, r) 7→ τ
−1
k(r) ◦ k ◦ τr
is continuous.
Proof. For all r ∈ R and k ∈ K∗ let ψ(k, r) = τ
−1
k(r) ◦ k ◦ τr. Now fix (k, r) ∈ K∗×R
and let ǫ > 0 be given. For any compact interval J the collection of continuous
functions C(J) is a dense subset of L1(J), so there exists some continuous function
γ : [−ǫ, 1 + ǫ]→ R with ∫ 1+ǫ
−ǫ
|k′(t)− γ(t)| dt <
ǫ
4
and by uniform continuity of γ there exists some δ > 0 so that
|γ(x) − γ(y)| <
ǫ
4
for all x, y ∈ R with |x− y| < δ. Using the properties of d∗ from Proposition 3, for
all s ∈ R and l ∈ K∗
d∗ (ψ(k, r), ψ(l, s)) = d∗(k, l ◦ τs−r)
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and if d∗(k, l) + |r − s| < min{δ, ǫ/4} then
d∗(k, l ◦ τs−r) ≤
∫ 1
0
|k′(t)− γ(t)| dt
+
∫ 1
0
|γ(t)− γ(t+ s− r)| dt
+
∫ 1
0
|γ(t+ s− r)− k′(t+ s− r)| dt
+
∫ 1
0
|k′(t+ s− r) − l′(t+ s− r)| dt
< ǫ
so ψ is continuous at (k, r). Because the argument given works for an arbitrary
point (k, r) ∈ K∗ × R it follows that ψ is continuous on K∗ × R. 
Now we extend the topology on K∗ to a Polish group topology on AC
loc
Z
(R).
Proposition 19. Set H = R and G = AClocZ (R) and let Ω : H × KG → G be
the bijection from Notation 7. Then the unique topology on G which makes Ω a
homeomorphism also makes G a Polish group, and the metric d∞+d∗ is compatible
with this topology.
Proof. In the present notationK∗ = KG. EvaluationKG×H → H and the function
KG ×H → KG, (k, h) 7→ λ
−1
k(h) ◦ k ◦ λh
are continuous by Lemmas 17 and 18. Now Proposition 11 applies and so the topol-
ogy that makes Ω a homeomorphism also makes G a Polish group. A compatible
metric d on G is given by
d(f, g) = |f(0)− g(0)|+ d∗
(
τ−1
f(0) ◦ f, τ
−1
g(0) ◦ g
)
= |f(0)− g(0)|+ d∗(f, g)
for all f, g ∈ G.
For all f, g ∈ G
d(f, g) = |f(0)− g(0)|+ d∗(f, g) ≤ d∞(f, g) + d∗(f, g)
and
d∞(f, g) ≤|f(0)− g(0)|+ d∞
(
τ−1
f(0) ◦ f, τ
−1
g(0) ◦ g
)
≤|f(0)− g(0)|+ d∗
(
τ−1
f(0) ◦ f, τ
−1
g(0) ◦ g
)
=|f(0)− g(0)|+ d∗(f, g)
so d∞(f, g) + d∗(f, g) ≤ 2 d(f, g). This implies d and d∞ + d∗ induce the same
topology on G. 
As an aside we note that the topology induced by the pseudometric d∗ on
AClocZ (R) is not a group topology. To see this, let
T = {τr|r ∈ R}
be the subgroup of AClocZ (R) consisting of real translations and for k ∈ K∗ consider
the cosets T ◦ k and k ◦ T . By Proposition 3 the right coset T ◦ k has d∗–diameter
0. On the other hand, if k ◦ T has d∗–diameter 0 then the Fundamental Theorem
implies the homeomorphism k is also a homomorphism of (R,+), and so k must be
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the identity R→ R. This says k◦T has d∗–diameter 0 if and only if k is the identity.
From this it follows that inversion in ACloc
Z
(R) exchanges subsets with d∗–diameter
0 and subsets with positive d∗–diameter, and so inversion is not a homeomorphism
with the topology induced by d∗.
We set
K◦ =
{
k ∈ AC+
(
S
1
)
|k(1) = 1
}
and note that k 7→ k˜|I defines an isomorphism of groups K◦ → AC+(I) which
preserves d∗. It follows that d∗ is a right-invariant metric on K◦ which induces a
Polish group topology, and the Polish groups K◦ and AC+(I) are isomorphic. We
extend the topology on K◦ to a Polish group topology on AC+
(
S
1
)
. Alternatively,
one may define the same Polish group topology on AC+
(
S
1
)
by identifying this
group with the quotient of ACloc
Z
(R) by the closed normal subgroup consisting of
integer translations.
Proposition 20. Set H = S1 and G = AC+
(
S
1
)
and let Ω : H × KG → G be
the bijection from Notation 7. Then the unique topology on G which makes Ω a
homeomorphism also makes G a Polish group, and the metric d∞+d∗ is compatible
with this topology.
Proof. In the present notation K◦ = KG. Let
K∞ =
{
k ∈ Homeo+
(
S
1
)
|k(1) = 1
}
let
Φ : KG ×H → K∞ ×H
be inclusion, and let
Ψ : K∞ ×H → H
be evaluation. Lemma 2 implies inclusion KG → K∞ is continuous so also Φ
is continuous, and by Proposition 11 (with H = S and G = Homeo+
(
S
1
)
) Ψ
is continuous. Evaluation KG × H → H is the composition Ψ ◦ Φ, and so it is
continuous. The function in Lemma 18 is continuous and descends to a continuous
function K∗ × S
1 → K∗, so
KG ×H → KG, (k, r) 7→ λ
−1
k(r) ◦ k ◦ λr
is continuous. By Proposition 11 the topology that makes Ω a homeomorphism
also makes G a Polish group. A compatible metric d on G is given by
d(f, g) = dS1(f(1), g(1)) + d∗ (f, g)
for all f, g ∈ G.
The argument that d and d∞+d∗ induce the same topology on G works similarly
as in the proof of Proposition 19. 
Proposition 21. AC+
(
S
1
)
is a coarsely bounded group.
Proof. Apply Theorem 14 with H = S = S1 and G = AC+
(
S
1
)
. By Proposition
20 the assumptions of Corollary 10 are satisfied. As S is compact it is coarsely
bounded. The isotropy subgroup KG is isomorphic to AC+(I) and so is a coarsely
bounded group. The conditionKG(S) ⊂ S andKG(S
−1) ⊂ S−1 is satisfied trivially
because S = H . By Theorem 14 H → G, h 7→ λh is a quasi-isometry of Polish
groups. Since H is a coarsely bounded group so is G. 
Proposition 22. AClocZ (R) is quasi-isometric to Z.
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Proof. Apply Theorem 14 with H = R, S = [−1, 1], and G = ACloc
Z
(R). By
Proposition 19 the assumptions of Corollary 10 are satisfied. As S is compact
it is a coarsely bounded subset of H . The isotropy subgroup KG is isomorphic
to AC+(I) and so is a coarsely bounded group. The condition KG(S) ⊂ S and
KG(S
−1) ⊂ S−1 is satisfied by the Intermediate Value Theorem just the same as in
Example 16. By Theorem 14 H → G, h 7→ λh is a quasi-isometry of Polish groups.
Now Z → ACloc
Z
(R), n 7→ τn is a quasi-isometry of Polish groups because it is the
composition of inclusion Z→ H and H → G, h 7→ λh. 
Theorem 1 then just collects the statements of Propositions 5, 21, and 22. In the
general theory of [4], if G is a Polish group which is generated by a coarsely bounded
subset then there is always a metric on G which is simultaneously compatible with
the topology, right-invariant, and realizes the quasi-isometry type of G. In closing
we complete the proof that d∞ + d∗ is such a metric on AC
loc
Z
(R).
Proposition 23. The metric d∞+d∗ on AC
loc
Z (R) is a representative of the quasi-
isometry type of ACloc
Z
(R).
Proof. For all r, s ∈ R
d∞(τr, τs) + d∗(τr, τs) = |r − s|
so r 7→ τr defines an isometric embedding of R with its standard metric into
AClocZ (R) with the metric d∞ + d∗. As AC
loc
Z (R) = T ◦ K∗ and K∗ is bounded
in d∞ + d∗ it follows that the isometric embedding of R into AC
loc
Z
(R) is coarsely
onto, and so the metric d∞ + d∗ on AC
loc
Z (R) represents the quasi-isometry of type
of AClocZ (R). 
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